SEMI-GROUPS AND REPRESENTATIONS OF LIE GROUPS^†

ABSTRACT

With every Lie semi-group, Π, possessing certain regularity properties, there is associated a Lie algebra, A; and with every strongly continuous representation of Π in a Banach space there is associated a representation A(a) of A. Certain theorems regarding this representation are established.

The above theorems are valid for a representation of a Lie group also. In this case, it is shown that it is possible to extend the representation to elliptic elements of the universal enveloping algebra. It is also shown that the representatives of the strongly elliptic elements of the universal enveloping algebra are the infinitesimal generators of holomorphic semi-groups. Integral representations of these semigroups are given.

† A dissertation presented to the Faculty of the Graduate School of Yale University in candidacy for the degree of Doctor of Philosophy, 1960

INTRODUCTION The study of Lie semi-groups and their representations was initiated by E. Hille in [6]. For a survey of the basic problems and results the reader is referred to that paper and to Chapter XXV of [7]. This thesis is a continuation of work begun there; we summarize briefly the results it contains.

In Chapter I, the “Dense Graph Theorems” suggested in [6] are proved and it is shown that linear combinations of the infinitesimal generators form, in the precise sense of Theorems 4 and 6, a representation of a Lie algebra canonically associated with the semi-group.

In Chapter II the study of the infinitesimal generators is continued. For the work of this chapter it is necessary to assume that the semi-group is a full Lie group. It is shown (Theorem 7) that the representation of the Lie algebra can be extended, in a natural manner, to a representation of the elliptic elements of the universal enveloping algebra. Then the spectral properties of operators corresponding to strongly elliptic elements are discussed; in particular it is shown (Theorem 8) that they are the infinitesimal generators of semi-groups holomorphic in a sector of the complex plane. Canonical representations of these semi-groups as integrals are given in Theorem 9.

The reader interested in other work to which that of Chapter II is related is referred to [9], [13], [19], and a forthcoming paper by E. Nelson.

Acknowledgement. The author wishes to thank C. T. Ionescu Tulcea for his advice and encouragement during the preparation of this dissertation.

CHAPTER I

1. Lie semi-groups have been defined in [6] and [7]. We shall be concerned with semi-groups, Π, whose underlying topological space is Ē^+_n = {(x_1, . . . , x_n)|x_i ≥ 0, i = 1, . . . , n}, a subset of real Euclidean n-space. We denote the semi-group operation by either F (p, q) or p ∘ q. The following conditions, numbered as in [7], are supposed satisfied. P_2. F (a, 0) = F (0, a) P_3. F ( a, F (b, c) ) = F ( F (a, b), c ) P_5. There exists a fixed positive constant B such that for all points a_1, a_2 and b in Π max{|F (a_1, b) − F (a_2, b)|, |F (b, a_1) − F (b, a_2)|} ≤ (1 + B|b|)|a_1 − a_2| P_6. There exists a positive, monotone increasing continuous function ω(t), 0 < t < ∞, tending to zero with t such that |F (a, b) − a − b| ≤ rω(s) r = min{|a|, |b|}, s = |a| + |b| P_{11}. At every point of Ē^+_n × Ē^+_n the n coordinates of F (p, q) have continuous partial derivatives with respect to the coordinates of p and q up to and including the third order.

Then, by Theorem 25.3.1 of [7], there is a continuous function f(a) from Π into Π such that f ( (ρ + σ)a ) = f(ρa) ∘ f(σa) for a ∈ Π, ρ, σ ≥ 0.

Let T (p) be a representation of Π in a Banach space X, which is strongly continuous in a neighborhood of the origin, then for a ∈ Π, ρ ≥ 0, ρ → T ( f(ρa) ) is a strongly continuous one-parameter semi-group. Denote its infinitesimal generator by A(a). In this chapter we investigate the relations among the A(a) and their adjoints A^∗(a). For the purposes of Chapter II, we remark that similar theorems are valid for a representation of a Lie group.

We first construct a common domain for the operators, A(a), a ∈ Π, which is large enough for our purposes. We use the following notation:^{∂F k}_{∂pj} (p, q) = F^k_{j;}(p, q);^{∂F k}_{∂qj} (p, q) = F^k_{;j} (p, q);^{∂2F k}_{∂qi ∂pj} = F^k_{j;i}(p, q); F^k_{i;j} (0, 0) − F^k_{j;i}(0, 0) = γ^k_{ij} . F (p, q) may be extended to a twice continuously differentiable function defined on E_n ×E_n.^1 Denote some fixed extension by F (p, q). Since F^k_{j;}(0, 0) = F^k_{;j} (0, 0) = δ^k_j 1 Cf. the construction on p. 12 of [12].

(the Kronecker delta), there are open spheres N_1, N_2 ⊆ N about the origin and three times continuously

differentiable functions ψ(q, h) and χ(q, h) defined on N_1 × N_1 such that ψ(0, 0) = χ(0, 0) = 0,

F (h, ψ(q, h) ) = q, and F ( χ(q, h), h ) = q. Moreover if F (h, p) = q [F (p, h) = q] with p, h ∈ N_2, then

q ∈ N_1 and ψ(q, h) = p [χ(q, h) = p]. We may also suppose that all derivatives of ψ(q, h) and χ(q, h)

up to the third order are bounded in N_1, that T (p) is strongly continuous in N_1 ∩ Π, and that det ( F^k_{j;}(p, 0) ) ≥ 1/2 and det (F^k_{;j}(p, 0) ) ≥ 1/2 for p in N_1. If N ⊆ N_1 is an open sphere about the origin, set E(N) = {y = ∫ Π K(q)T (q) × dq|x ∈ X, K(q) ∈ C_2(N ∩ Π)}.

C_2(N ∩ Π) is the set of twice continuously differentiable functions which are zero outside of N ∩ Π.

We refer the reader to [7] for a proof that E(N) is dense in X.

Proposition 1. Let N_3 be an open sphere about the origin with F (N_3, N_3) ⊆ N_2. If y ∈ E(N_3)

then T (p)y is a twice continuously differentiable function of p in N_3 ∩ Π.

Proof. We understand that some derivatives at the boundary will be one-sided. If y ∈ E(N_3) and

e_j = (δ^1_j , . . . , δ^n_j ) we have, recalling that K(q) is zero outside of N_3 ∩ Π,

lim_{s→0} s^{−1} ( T (p + se_j )y − T (p)y )

= lim_{s→0} s^{−1} ∫ N_3∩Π

K(q) ( T ( (p + se_j ) ∘ q ) − T (p ∘ q) ) x dq

= lim_{s→0} s^{−1} ∫ N_2∩Π ( K ( ψ(q, r) ) det ( ∂ψ^k

∂q^i

(q, r) ))| | | r=p+se_j r=p T (q)x dq = ∫ N_2∩Π ∂ ∂p^j ( K(ψ(q, p) ) det ( ∂ψ^k

∂q_i

(q, p) )) T (q)x dq + lim_{s→0} ∫ N_2∩Π

G(q, p, s) ) dq = ∫ N_2∩Π ∂ ∂p_j ( K(ψ(q, p) ) det ( ∂ψ^k

∂q^i

(q, p) )) T (q)x dq

since G(q, p, s) converges boundedly to 0 with s. The final integral is a continuous function of p. In a

similar manner we show that it is once continuously differentiable. We remark the following formulae,

valid for y ∈ E(N_3), p ∈ N_3 ∩ Π:

(i) lim_{s→0} s^{−1} ( T ( f(sa) ) − I ) T (p)y

= lim_{s→0} s^{−1} ( T ( f(sa) ∘ p ) y − T (p)y )

= lim_{s→0} [ ∑_n

j=1 s^{−1} ( F^j ( f(sa) ∘ p ) − p^j

)_∂

∂p^j T (p)y + s −1o ( |f(sa) ∘ p − p| )] which equals

(1.1) n∑ j=1 (_n∑ i=1 F^j_{i;}(0, p)a^i ) ∂ ∂p^j

T (p)y.

So T (p)y ∈ D ( A(a) ) , and A(a)T (p)y is given by (1.1).

(ii) T (p)A(a)y = lim_{s→0} s^{−1} ( T ( p ∘ f(sa) ) y − T (p)y ) , which equals

(1.2) n∑ j=1 (_n∑ k=1 F^j_{;k}(p, 0)a^k ) ∂^j

∂p^j

T (p)y

(iii) Setting ( F^j_{;k}(p, 0)

)_{−1}

= (γ^j_k(p) ) , we have

(1.3) ∂ ∂p_j

T (p)y = n∑ k=1 γ^j_k(p)T (p)A(e_k)y

(iv) Setting

∑_n

j=1 F^j_{i;}(0, p)γ^k_j (p) = β^k_i (p), we have

A(a)A(b)T (p)y = n∑ k,j=1

(_n∑ i=1 β^k_i (p)b^i )(_n∑ m=1 F^j_{m;}(0, p)a^m ) ∂ ∂p^j

T (p)A(e_k)y.

(v) (α) A(a + b)y = A(a)y + A(b)y

(β) A(e_i)A(e_j )y − A(e_j )A(e_i)y =

∑_n

k=1 γ^k_{ij} A(e_k)y.

For a proof of the latter relation, see [7], p. 758.

2. The first theorem is known as a “Dense Graph Theorem” and has been suggested by E. Hille in

[6] and [7].

Theorem 1. Let {a_1, . . . , a_p} ⊆ Π. If G_o is the closure in the product topology on X × . . . × X

(p + 1 factors) of { ( x, A(a_1)x, . . . , A(a_p)x ) |x ∈ E(N_3)} and G = {(x, A(a_1)x, . . . , A(a_p)x)|x ∈

∩^p_{j=1}D(A(a))}, then G = G_o.

Proof. G ⊇ G_o since an infinitesimal generator is a closed operator. We show that G_o ⊇ G. Let

{b_{r+1}, . . . , b_n} be a maximal linearly independent subset of {a_1, . . . , a_p}; it is sufficient to prove the

theorem for the former set. Let {b_1, . . . , b_n} ⊆ Π be a basis for E_n. If t = (t^1, . . . , t^n) ∈ Π, set

p(t) = f(t^1b_1) ∘ . . . ∘ f(t^nb_n). p(t) is a twice continuously differentiable map of Π into Π and may be extended to a twice continuously differentiable map of E_n into E_n. Denote some fixed extension by

p(t). The above process is analogous to the introduction of canonical coordinates of the second kind

on a Lie group.

Since^{∂pk}_{∂tj} (0) = b^k_j , p(t) has a twice continuously differentiable inverse defined in a sphere N_4

about the origin. We may suppose that F (N_4, N_4) ⊆ N_3 and that all derivatives of the inverse function

up to the second order are bounded in N_4. If y ∈ E(N_4) and p ∈ N_4 ∩ Π, then T (p)y ∈ E(N_3). For

y ∈ E(N_4). set

u(y, s) = ∫ R(s)

S(t)y dt

where s = (s^1, . . . , s^n), S(t) = T ( p(t) ) , R(s) is the rectangle with sides [0, s^j e_j ], and R(s) is contained

in the image of N_4 under the inverse map. By (1.1),

A(b_k)u(y, s) = ∫ R(s)

A(b_k)S(t)y dt = ∫ R(s) n∑ i=1 ζ^i_k(t) ∂ ∂t^i

S(t)y dt

where ζ^i_k(t) =

∑_n

j,m=1 F j m; ( 0, p(t) ) b^m_k^{∂ti}_{∂pj} is once continuously differentiable. Integrate by parts to

obtain

(1.4) A(b_k)u(y, s) = n∑ i=1 ∫ R(ŝ^i)

ζ^i_k(t)S(t)y | | | | (t̂^i, s^i )

(t̂^i,0)

dt̂^i − ∫ R(s) n∑ i=1 ∂φk^i

∂t^i

S(t)y dt.

Since the integral of a function with values lying in a closed subspace of a Banach space is contained

in that subspace,

(1.5) ( u(y, s), A(b_{r+1})u(y, s), . . . , A(b_n)u(y, s) ) ∈ G_o.

Since (1.4) is a continuous function of y and E(N_4) is dense in X, for any y ∈ X, u(y, s) ∈

∩^n_{j=1}D ( A(b_j ) ) and (1.4) and (1.5) hold. To complete the proof it is sufficient to show

(1.6) lim_{σ→0} σ^{−n}u ( y, s(σ) ) = y

(1.7) lim_{σ→0} A(b_k)σ^{−n}u ( y, s(σ) ) = A(b_k)y for k ≥ r + 1, y ∈ ∩^n_{k=r+1}D ( A(b_k) ) , and s(σ) = (σ, . . . , σ). (1.6) is clear; to prove (1.7) we expand

ζ^i_k(t) in a Taylor’s series and consider

lim_{σ→0}σ^{−n} ∫ R (_{ŝi(σ)}) ζ^i_k(t)S(t)y | | | (t̂^i, σ)

(t̂^i,0)

dt̂^i

= lim_{σ→0} σ^{−n+1} ∫ R(ŝ^i)

δ^i_kσ^{−1} ( S(t̂^i, σ)y − S(t̂^i, 0)y ) dt̂^i

+ σ^{−n+1} ∫ R(ŝ^i )

∂ζ^i_k

∂t^i

(0)S(t̂^i, 0)y dt̂^i

+ σ^{−n+1} ∫ R(Ŝ^i ) ( ∑ j≠i

σ^{−1}t^j

∂ζ^i_k

∂t^j (0) ) . . . ( S(t̂^i, σ)y − S(t̂^i, 0)y ) dt̂^i

= δ^i_kA(b_k)y +

∂ζ^i_k

∂t^i

(0)y

provided

(1.8) lim_{σ→0} σ^{−1} ( S(t^k, σ)y − S(t^k, 0)y ) = A(b_k)y.

But the left side is_{k−1} ∏ j=1 T ( f(t^j b_j ) )

applied to

σ^{−1} ( T (f(σb_k))y − y ) + ( T (f(σb_k)) − I )(^n∑ i=k+1

(^{i−1}∏

m=k+1 T ( f(t^mb_m)) ) σ^{−1} ( T (f(t^ib_i)) − y ))

and (1.8) follows if we recall that t^i ≤ σ and that y ∈ D ( A(b_i) ) for i ≥ k ≥ r + 1. Summing over i and

taking the last term of (1.4) into account we obtain (1.7).

The following theorem is not of so much interest as the one just proved but we want to use it to

establish the analogue of a theorem of [7]. We merely sketch the proof.

Theorem 2. If F_o is the closure in the product topology of { ( y, A(e_1)y, . . . , A(e_n)y,

A(e_i)A(e_j)y ) |y ∈ E(N_3)} and if F = {(y, A(e_1)y, . . . , A(e_n)y, A(e_i)A(e_j )y ) |y ∈ ∩^n_{k=1}D ( A(e_k) ) ∩ D ( A(e_i)A(e_j) ) }, then F = F_o.

Proof. F is a closed set and thus F ⊇ F_o. We show F_o ⊇ F . Taking b_k = e_k we use the notation of the

proof of Theorem 1. For y ∈ E(N_4),

A(e_i)A(e_j)u(y, s) = ∫ R(s)

A(e_i)A(e_j)S(t)y dt = ∫ R(s) n∑ k,m=1

δ^k_m(t) ∂ ∂t^m ( S(t)A(e_k)y ) dt where δ^k_m(t) =

∑_n

r=1 β^k_j ( p(t) ) F^r_{i;} ( 0, p(t)

)_{∂t}m

∂p^r is once continuously differentiable. Integrating by parts,

we obtain the following relation (1.9)

A(e_i)A(e_j)u(y, s) = n∑ m=1 ∫ R(ŝ^m) n∑ k=1 δ^k_m(t)S(t)A(e_k)y | | |^( t̂^m,s^m)

(t̂^m,0)

dt̂^m− ∫ R(s) n∑ k, m=1

∂δ^k_m

∂t^m

(t)S(t)A(e_k)y dt.

Theorem 1 implies that (1.9) holds for y ∈ ∩^n_{k=1}D ( A(e_k) ) . The proof is now completed as above.

3. We now consider the adjoints of the infinitesimal generators and prove the corresponding dense

graph theorem. If y^∗ ∈ X^∗, the dual space of X, we denote the value of y^∗ at y ∈ X by (y, y^∗). If

N ⊆ N_1, set

E(N) = {y^∗ ∈ X^∗|(y, y^∗) = ∫ Π ( y, K(q)T^∗(q)x^∗ ) dq} with x^∗ ∈ X^∗, K(q) ∈ C^2 ( N ∩ Π), and for all y ∈ X. E^∗(N) is dense in X^∗ in the weak-∗ topology.

Proposition 2. If y^∗ ∈ E^∗(N_3) T^∗(p)y^∗ is twice continuously differentiable in the weak-∗ topology,

for p in N_3 ∩ Π.

Proof. We merely sketch the calculations since the proof is essentially the same as that of Proposition 1. lim_{s→0} s^{−1} ∫ Π ( y, K(q) ( T^∗(p + se_j ) − T^∗(p) ) T^∗(q)x^∗ ) dq = lim_{s→0} s^{−1} ∫ Π ( y, K(q) ( T^∗(q ∘ (p + se_j )x^∗ − T^∗(q)x^∗) ) dq = ∫ N^2∩Π ( y, ∂ ∂p^j ( K(χ(q, p) ) det ( ∂χ^k

∂q^i

(q, p) ))) T^∗(q)x^∗dq.

The last integral is again a continuously differentiable function of p.

We remark the following, valid for y^∗ ∈ E^∗(N_3) and p ∈ N_3 ∩ Π. (i)

(1.10) lim_{s→0} s^{−1} ( y, ( T^∗(f(sa)) − I ) T^∗(p)y^∗ ) = n∑ j=1 (_n∑ m=1 F^j_{;m}(p, 0)a^m ) ∂ ∂p^j ( y, T^∗(p)y^∗ ) .

This implies that T^∗(p)y^∗ ∈ D ( A^∗(a) ) and that ( y, A^∗(a)T^∗(p)y^∗ ) is given by the right side of

(1.10).

(ii) As in the remarks following Proposition 1 we may show, for y^∗ ∈ E^∗(N_3),

(α^′) A^∗(a + b)y^∗ = A^∗(a)y^∗ + A^∗(b)y^∗

(β^′) A^∗(e_i)A^∗(e_j)y^∗ − A^∗(e_j)A^∗(e_i)y^∗ = − n∑ k=1 γ^k_{ij} A^∗(e_k)y^∗.

Theorem 3. Let {a_1, . . . , a_p} ⊆ Π. If H_o is the closure (in the product of the weak-∗ topolo-

gies) of { ( y^∗, A^∗(a_1)y^∗, . . . , A^∗(a_p)y^∗ ) |y^∗ ∈ E^∗(N_3)} and H = { ( y^∗, A^∗(a_1)y^∗, . . . , A^∗(a_p)y^∗ ) |y^∗

∈ ∩^p_{j=1}D ( A^∗(a_j ) ) }, then H = H_o.

Proof. H ⊇ H_o since A^∗(a) is closed in the weak-∗ topology. We show H_o ⊇ H. Let {b_1, . . . , b_r}

be a maximal linearly independent subset of {a_1, . . . , a_p}; it is sufficient to prove the theorem for the

former set. Let {b_1, . . . , b_n} be a basis for E_n. Again we use the notation of the proof of Theorem 1. If

y^∗ ∈ E^∗(N_4), define u(y^∗, s) by ( y, u(y^∗, s) ) = ∫ R(s) ( y, S^∗(t)y^∗ ) dt

with S^∗(t) = T^∗ ( p(t) ) . As above

(1.11) ( y, A^∗(b_k)u(y^∗, s) )

= n∑ i=1 ∫ R(ŝ_i )

ξ^i_k(t) ( y, S^∗(t)y^∗ ) | | | (t̂^i,s^i)

(t̂^i,0)

dt̂^i − ∫ R(s) n∑ i=1 ∂ξ^i_k

∂t^i (t) ( y, S^∗(t)y^∗ ) dt

with ξ^i_k(t) =

∑_n

j,m=1 F m ;j ( p(t), 0)b^j_k^{∂ti}_{∂pm} . As above u(y^∗, s) ∈ ∩^n_{k=1}D(A^∗(b_k) ) for all y^∗ ∈ X^∗ and

A^∗(b_k)y^∗ is given by (1.11). Moreover, ( u(y^∗, s)A^∗(b_1)u(y^∗, s), . . . , A^∗(b_r)u(y^∗, s) ) ∈ H_o.

The proof may be completed as before if we show that

(1.12) lim_{σ→0} σ^{−1} ( y, ( S^∗(t̂^k, σ) − S^∗(t̂^k, 0) ) y^∗ ) = ( y, A^∗(b_k)y^∗ )

for 1 ≤ k ≤ r, t^j ≤ σ, and y^∗ ∈ ∩^r_{i=1}D ( A^∗(b_i) ) . But the expression on the left equals

(_n∏

j=k+1 T ( f(t^jb_j ) ) y, σ^{−1} ( T^∗(f(σb_k) ) − I ) y^∗ )

+ k−1∑ i=1 (_{k−1}∏

m=i+1 T ( f(t^mb_m) )( T (f(σb_k)) − I

)^n∏

j=k+1 T ( f(t^jb_j ) ) y, σ^{−1} ( T^∗(f(t^ib_i) ) − I ) y^∗ ) , and (1.12) follows since, see [11], σ^{−1} ( T^∗(f(t^ib_i)) − I ) y^∗ is uniformly bounded and

σ^{−1} ( T^∗ ( f(σb_k) ) − I ) y^∗ converges in the weak-∗ topology to A^∗(b_k)y^∗.

4. If a = (a^1, . . . , a^n) ∈ E_n, A(a) =

∑_n

j=1 a^j A(e_j )y is defined for y ∈ E(N_3). By the remarks

after Proposition 2, E^∗(N_3) is contained in the domain of its adjoint so that A(a) has a least closed

extension which we again denote by A(a). By Theorem 1, this notation is consistent with that used

previously for a in Π.

Lemma 1. A^∗(a), the adjoint of A(a), is the weak-∗ closure of the operator

∑_n

j=1 a^j A^∗(e_j ) with

domain E^∗(N_3).

Proof. Suppose (y, x^∗_1) = ( A(a)y, x^∗_2) for all y ∈ E(N_3). Then, using Theorem 1 and the notation of

its proof with b_j = e_j , for y ∈ X

σ^{−n} ∫ R(s(σ)) ( S(t)y, x^∗ ) dt

= σ^{−n} n∑ j=1 a^j

[_n∑ i=1 ∫ R(ŝ^i )

(ζ^i_j (t)S(t)y, x^∗_2 ) | | | (t̂^i,σ)

(t̂^i,0)

dt̂^i − ∫ R(s)

(_n∑ i=1 ∂ζ^i_i

∂t^i

(t)S(t)y, x^∗_2 ) dt ] .

Transposing and taking limits, we have

lim_{σ→0} σ^{−n} n∑ j=1 a_j ∫ R(ŝ^j ) ( y, (S^∗(t̂^j , σ) − S^∗(t̂^j , 0) ) x_2 ) dt̂^j = (y, x^∗_1).

Then using (1.11), we obtain

(1.13) lim_{σ→0} σ^{−n} ( y, n∑ j=1 a^j A^∗(e_j)u(x^∗_2, s(σ) ) ) = (y, x^∗_1).

Theorem 3 implies that u ( x^∗_2, s(σ) ) is in the domain of the weak-∗ closure of ∑ a^j A^∗(e_j ) and (1.13)

then shows that x^∗_2 is also. By Theorem 25.8.1 of [7] the γ^k_{ij} , as defined in Paragraph 1, may be used as

the structural constants of a Lie algebra A over E_n. Denoting the Lie product, in this algebra, of a and

b by [a, b], we have [a, b]^k =

∑_n

i,j=1 γ k ij a^ib^j . We can now prove the following theorem.

Theorem 4. I. The function a → A(a) defined on A has the properties

(i) If x ∈ D ( A(a) ) ∩ D ( A(b) ) then x ∈ D ( A(sa + tb) ) and A(sa + tb)x = sA(a)x + tA(B)x.

(ii) If x ∈ D ( A(a)A(b) ) ∩ D ( A(b)A(a) ) then x ∈ D ( A([a, b]) ) and A([a, b])x = A(a)A(b)x −

A(b)xA(a)x.

II. The function a → A^∗(a) has the properties

(i) If x^∗ ∈ D ( A^∗(a) ) ∩ D(A^∗(b) ) then x^∗ ∈ D ( A^∗([sa + tb]) ) and A^∗([sa + tb])x^∗ = sA^∗(a)x^∗ +

tA^∗(b)x^∗.

(ii) If x^∗ ∈ D ( A^∗(a)A^∗(b) ) ∩ DA^∗(b)A^∗(a) ) then x^∗ ∈ D(A^∗[a, b]) and A^∗([a, b])x^∗ =

A^∗(b)A^∗(a)x^∗ − A^∗(a)A^∗(b)x^∗.

Proof. If x ∈ D ( A(a) ) ∩ D ( A(b) ) there is a sequence {x_n} ⊆ E(N_3) such that x_n → x, A(a)x_n →

A(a)x and A(b)x_n → A(b)x; but then, using formula (α), A(sa + tb)x_n = sA(a)x_n + tA(b)x_n →

sa(a)x + tA(b)x. Since A(sa + tb) is a closed operator, x ∈ D ( A(sa + tb) ) and A(sa + tb)x =

sA(a)x + tA(b)x.

If x ∈ D ( A(a)A(b) ) ∩ D ( A(b)A(a) ) , then for x ∈ E^∗(N_3) ( A(a)A(b)x − A(b)A(a)x, x^∗ ) = ( x, A^∗(b)A^∗(a)x^∗ − A^∗(a)A^∗(b)x^∗ ) . So, using formula (β^′),

(1.14) ( A(a)A(b)x − A(b)A(a)x, x^∗) = ( x, A^∗([a, b])x^∗ ) . The lemma implies that (1.14) holds for x^∗ ∈ D ( A^∗([a, b]) ) . In other words, the vector u = ( A(a)A(b)x−A(b)A(a)x, x ) in X⊕X is annihilated by the annihilator of the subspace U = {(A([a, b])y, y)|y ∈ D ( A([a, b]) ) }. So u ∈ U, or x ∈ D ( A([a, b]) ) and A([a, b])x = A(a)A(b)x−A(b)A(a)x. The remainder

of the theorem is proved in a similar manner.

Recalling that if a sequence of once continuously differentiable functions and the sequences of first

order derivatives converge uniformly on some domain then the limit function is once continuously

differentiable and its partial derivatives are the limits of the sequences of partial derivatives, we have,

using (1.3) and Theorem 1, the following result.

Theorem 5. If y ∈ ∩^n_{j=1}D ( A(e_j ) ) then T (p)y is once continuously differentiable in a neighborhood

in Π, of the origin and (1.3) holds. Consequently, T (p)y ∈ D ( A(a) ) for a ∈ E_n and p in this

neighborhood and (1.1) and (1.2) hold for a ∈ Π.

The following theorem, analogous to Theorem 10.9.4 of [7], is an immediate consequence of

Theorem 2.

Theorem 6. If y ∈ ∩^n_{k=1}D ( A(e_k) ) ∩ D ( A(e_j )A(e_j ) ) then y ∈ D ( A(e_j )A(e_i) ) . The only properties of E(N_3) used in the proof of Theorem 1 were that T (p)E(N_4) ⊆ E(N_3) for

p in a neighborhood of the origin, that E(N_4) was dense in X, and that equation (1.1) was valid. Thus,

using Theorem 5, we could repeat the proof of Theorem 1 to obtain

Theorem 1^′. Let F ⊆ E ⊆ X be the two dense subspaces of X contained in ∩_{a∈Π}D ( A(a) ) and let

T (p)F ⊆ E for p in a neighborhood of the origin, then Theorem 1 is valid with E(N_3) replaced by E. In the next chapter we shall consider strongly continuous representations of Lie groups only. The

group will be denoted by G and its Lie algebra by A. A little care is necessary in the definition of A in

order that the formulae above remain valid. A is taken as an algebra isomorphic to the algebra of left-

invariant infinitesimal transformations with the multiplication XY −Y X (Cf. [2]). Then if e(a) denotes

the exponential map of A into G, and the representation is T (p), A(a) is the infinitesimal generator

of the one parameter group T ( e(ta) ) . With a we associate the following left- and right-invariant

infinitesimal transformations

L_af(p) = lim_{t→0} t^{−1} ( f(pe(ta)) − f(p) )) R_af(p) = lim_{t→0} t^{−1} ( f ( e(−ta)p ) − f(p) ) . These mappings are isomorphisms of the Lie algebras involved. Formulae (1.1) and (1.2) may now

be written very simply.

(1.1^′) A(a)T (p)y = −R_aT (p)y,

(1.2^′) T (p)A(a)y = L_aT (p)y.

The adjoint representation p → dα_p of G is defined in [2]. With respect to a fixed basis {e_i, . . . , e_n}

of A let the matrix of the representation be ( α^i_j (p) ) so that dα_p ( ∑_n j=1 a^j e_j ) = ∑_n i=1 ( ∑_n j=1 α^i_j (p)a^j ) e_i.

We state formally the following simple lemma.

Lemma 2. If x ∈ D ( A(a) ) , then T (p)x ∈ D ( A(dα_p(a)) ) and (1.15) A ( dα_p(a) ) T (p)x = T (p)A(a)x.

Proof. x ∈ D ( A(a) ) if and only if

lim_{t→0} t^{−1} ( T (e(ta) ) x − x) = A(a)x

exists, or

lim_{t→0} t^{−1}T (p) ( T (e(ta) ) x − x ) = T (p)A(a)x

exists, or

lim_{t→0} t^{−1}T (p) ( T ( e(ta) ) − I ) T (p^{−1})T (p)x = lim_{t→0} t^{−1}T ( e ( tdα_p(a) )) T (p)x − T (p)x = A ( dα_p(a) ) T (p)x exists.

This proves the lemma. We may write (1.15) as A(dα_p(a) ) x = T (p)A(a)T (p^{−1})x. Formula (1.15) is implicit in formulae (1.1), (1.2), and (1.3).

Using the basis of A previously introduced we set A_i = A(e_i). If {X_i}, i = 1, . . . , n is a set of n indeterminates and α = (α_1, . . . , α_m), is an m-tuple of integers 1 ≤ α_i ≤ n, we write X_α = X_{α1} X_{α2} · · · X_{αm} . The absolute value of α, |α|, is equal to m. This notation is slightly unorthodox but it is necessary to allow for the fact that the A_i’s do not commute. We shall be interested in forms ∑ |α|≤m aαAα in the set {Ai}.

Let E be the set of vectors y in x which can be written in the form y = ∫ G K(p)T (p)xμ(dp)

with μ a left-invariant Haar measure, x in X, and K(p) an infinitely differentiable function with compact support in G. E satisfies the conditions of Theorem 1^′. Similarly E^∗ is the set of y^∗ in X^∗ such that for x ∈ X (x, y^∗) = ∫ G K(p) ( x, T^∗(p)x^∗ ) μ(dp).

With any form ∑ |α|≤m aαXα we may associate the operator Bo, with domain E, defined by

B_ox = ∑ |α|≤m aαAαx and the operator B ∗ o , with domain E^∗, defined by B^∗_o x^∗ = ∑ |α|≤m aαA ∗ α∗x^∗.

If α = (α_1, . . . , α_{|α|}) then α^∗ = (α_{|α|}, . . . , α_1).

The following simple proposition is of some interest. A special case has been considered in [17].

Proposition 3. If, for x in E, B_oT (p)x = T (p)B_ox, then the adjoint of B_o is the weak-∗ closure of B^∗_o .

Proof. Suppose that for all x in E (B_ox, x^∗_1) = (x, x^∗_2).

Then, for x in E, ( ∫ G K(p)T (p)x, x^∗_2 ) μ(dp) = ( ∫ G K(p)B_oT (p)xμ(dp), x^∗_1 )

= ( ∫ G K(p)T (p)B_oxμ(dp), x^∗_1 ) . We may write this as ( x, ∫ G K(p)T^∗(p)x^∗_2μ(dp) ) = ( x, B^∗_o ∫ G K(p)T^∗(p)x^∗_1μ(dp) ) .

The integrals in the final formula are taken in the weak-∗ topology. We now let K(p) approach the δ-

function and obtain ∫ G K(p)T^∗(p)x^∗_1μ(dp) → x^∗_1 and B^∗_o ∫ G K(p)T^∗(p)x^∗_1μ(dp) = ∫ G K(p)T^∗(p)x^∗_2μ(dp) →

x^∗_2 in the weak-∗ topology.

CHAPTER II 1. Before proving the principal theorems of this chapter we must establish some estimates for the fundamental solutions of strongly elliptic differential equations and a differeintability property of weak solutions of elliptic equations. The estimates are deduced from familiar ones for the fundamental solutions of parabolic equations (cf. [3], [15], [18]). Since we are unable to refer the reader to complete proofs of the latter estimates we establish them below. Although the required property of weak solutions of elliptic equations is known (cf. [1]) we have included a proof.

2. A differential operator, ∑ |α|≤m(−i)

|α|a_α^{∂α}_{∂xα} , with constant coefficients, is called strongly elliptic if for any real n-vector ξ, Re { ∑ |α|=m aαξ

α} ≥ ρ|ξ|^m, with a fixed ρ > 0. A fundamental solution for the operator ∑ |α|≤m(−i)

|α|a_α^{∂α}_{∂xα} + λ is

G(x, λ) ∼ 1 (2π)^n ∫ E_n

e^{ix.ξ} ∑ |α|≤m aαξ

α + λ dξ.

If g(x, t) = 1 (2π)^n ∫ E_n

e^{−(}

∑_{aαξα)t} e^{ix·ξ}dξ

then G(x, λ) =

∫_∞ 0 e^{−λt}g(x, t) dt.

This is a basic observation since it allows us to obtain estimates for G(x, λ) from those for g(x, t).

We shall be interested in the case that a_α = a_α(y), |α| ≤ m, depends on a parameter, y, varying in a region, U, of n-dimensional real space. We shall suppose that a_α(y), |α| ≤ m, is m times continuously differentiable in U and that, in U, (i) | | | ∂^γ ∂y^γ a_α(y) | | | ≤ M; |γ| ≤ m

(ii) Re { ∑ |α|=m

a_α(y)ξ^α } ≥ ρ|ξ|^m.

We want to estimate the mixed partial derivatives of g(x, y, t) and G(x, y, λ) up to the order m.

We notice that, for t > 0,

∂^γ ∂y^γ

∂^β ∂x^β g(x, y, t) = 1 (2π)^n ∫ E_n

i^{|β|ξβ} e^−(

∑_{aαξα} )tM_γ (ξ, t) eix·ξdξ

= 1 (2π)^nt^{|β|/m} ∫ E_n

i^{|β|}ξ^β t^{|β|/m} e^−(

∑_{aαξα} )tM_γ (ξ, t) eix·ξdξ

and that the integrand in the final integral (with the factor e^{ix·ξ} removed) as a function of the complex

n-vector ξ = σ_1 + σ + iτ, σ_1, σ, and τ real, is dominated by an expression c_1e^{−ρ1|σ1|mt}e^{a1t|σ+iτ|m} e^{a2t}

when |γ + β| ≤ m. The constants c_1, ρ_1, a_1, a_2 depend on n, m, M, and ρ only. Consequently | | | | ∂^k ∂ξ^k_i { ξ^β t^{|β|/m}M_γ (ξ, t)e^−(

∑_{aαξα} )t }| | | = | | | k! (2π)^n ∫ |ζ_1−ξ_1|=r

dζ_1 · · · ∫ |ζ_n−ξ_n|=r

dζ_n{ζ^β t^{|β|/m}M_γ (ζ, t)e^−(

∑_{aαφα} )t / ∏ (φ_i − ξ_i)} | | | ≤ c_2k! e^{a2t}e^{−ρ1|ξ|mt} e^{a3trm} r^k . Here and in the following all constants, unless the contrary is mentioned, depend only on n, m, M, and

ρ. Since r, in the above inequality, is arbitrary we choose it to be (k/t)^{1/m} and obtain | | | | ∂^k ∂ξ^k_i { ξ^β t^{|β|/m}M_γ (ξ, t)e^−(

∑_{aαξα} )t }| | | ≤ c^2k! e^{a2t} e^{−ρ1|ξ|} mtc^k_3 ( t k ) k_m . Then

|x|^{2k} | | | ∂^γ ∂y^γ

∂^β ∂x^β g(x, y, t) | | | ≤ n^{2k−1}

(_n∑ i=1 x^{2k}_i )| | ∂^γ ∂y^γ

∂^β ∂x^β g(x, y, t) | | |

= | | | | n^{2k−1} (2π)^n 1 t^{|β|/m} ∫ E_n n∑ i=1 ∂^{2k} ∂ξ^{2k}_i

{ξ^β t^{|β|/m}M_γ (ξ, t)e^−(

∑_{aαξαt} )}eix·ξdξ | | | | ≤ c_4 e^{a2t} t^{|β|/m}

(c_5)^{2k}(2k)! ( t 2k )_{2k/m} ∫

E_n

e^{−ρ1|ξ|mt}dξ

≤ c_7 e^{a2t} t^{(n+|β|)/m}

(c_6t)^{2k/m}(2k)^{2k( m−1m )+1/2}e^{−2k}.

If |x|/(c_6t)^{1/m} > 2, set k = [ 1 2 |x|^{m/m−1} (c_6t)^{1/m−1} ]

to obtain | | | ∂^γ ∂y^γ

∂^β ∂x^β g(x, y, t) | | | ≤ c^8 e^{a2t} t^{(n+|β|)/m} e^{−ρ2( |x|}t^{1/m )} m m−1 .

If |x| ≤ 2(c_6t)^{1/m}, then | | | | ∂^γ ∂y^γ

∂^β ∂x^β g(x, y, t) | | | ≤ c^9 e^{a2t} t^{(n+|β|)/m} . Now we observe that

Re {e^{iφ} ( ∑ |α|=m

a_α(y)ξ_α ) } ≥ (cos φρ − k sin φ)|ξ|^m.

So there exists ϕ_1 and ϕ_2 with π/2 < ϕ_1 < 0 < ϕ_2 < π/2 such that, for ϕ_1 ≤ φ ≤ ϕ_2,

Re {e^{iφ} ∑ |α|=m

a_α(y)ξ_α)} ≥ ρ/2|ξ|^m.

Consequently we have proved

Lemma 3. Let all the above conditions be fulfilled. Then for ϕ_1 ≤ arg t ≤ ϕ_2 and |γ + β| ≤ m, the following inequalities are valid.

(i) If |x|/|t|^{1/m} ≥ b_1, then | | | | ∂^γ ∂y^γ

∂^β ∂x^β g(x, y, t) | | | | ≤ b^2 e^{b3|t|} |t|^{(n+|β|)/m} e^{−ρ3(} |x| |t|1/m

)^{mm−1} .

(ii) If |x|/|t|^{1/m} ≤ b_1, then | | | | ∂^γ ∂y^γ

∂^β ∂x^β g(x, y, t) | | | | ≤ b^4 e^{b3|t|} |t|^{(n+|β|)/m} . The constants depend only on n, m, ρ, and M.

As a consequence, if |γ + β| ≤ m, ∫ U | | | ∂^γ ∂y^γ

∂^β ∂x^β g(x − z, x, t) | | |dx is at most

b_4 e^{b3|t|} t^{|β|/m} ∫ |x−z|≤b_1|t|^{1/m} 1 |t|^{n/m} dx + b_2 e^{b3|t|} t^{|β|/m} ∫ |x−z|≥b_1|t|^{1/m}

e^{−ρ1(} |x| |t|1/m

)^{mm−1}

|t|^{n/m} dx ≤ b_5 e^{b3|t|} |t|^{|β|/m} . Let S be the sector in the complex plane defined by

S = {z| Re (ze^{iϕ1} ) ≤ b_3 and Re (ze^{iϕ2} ) ≤ b_3}.

If λ is not in S we can find a φ, ϕ_1 ≤ φ ≤ ϕ_2, such that Re (λe^{iφ}) − b_3 ≥ ρ(λ, S), the distance from λ

to S.

Lemma 4. If λ is not in S, then for |β| < m and |γ + β| ≤ m ∫ U | | | ∂^γ ∂y^γ

∂^β ∂x^β

G(x − z, x, λ) | | |dx ≤ C ( ρ(λ, S)

)_{1−|β|/m} .

Proof. Choose φ as above; then ∫ U | | | | ∂^γ ∂y^γ

∂^β ∂x^β

G(x − z, x, λ) | | | |dx ≤ ∫ U ∫_eiφ_∞ 0 |e^{−λt}| | | | | ∂^γ ∂y^γ

∂^β ∂x^β g(x − z, x, t) | | | | |dt|

≤ b_5

∫_∞ 0 e^{−(Re(λ·eiφ)−b3)t} t^{|β|/m} dt ≤ C {Re (λ · e^{iφ}) = b_3}^{1−|β|/m} ≤ C ρ(λ, S)^{1−|β|/m} .

We must now estimate^{∂γ}_{∂yγ}^{∂β}_{∂xβ} G(x − z, x, λ) pointwise for |x| ≤ R, R > 0. Choose y as above;

then | | | | ∂^γ ∂y^γ

∂^β ∂x^β

G(x − y, x, λ) | | | |, is at most

≤ b_4 ∫ t≥ (_{|x−z|b} 1 )_m e^{−(Re (λeiφ)−b3)t} t^{(n+|β|)/m} dt + b_2 ∫ t≤ (_{|x−z|b} 1 )_m e^{−(Re (λeiφ)−b3)t} t^{(n+|β|)/m} e^{−ρ3}

(_{|x|}

t1/m

) m_{m−1} dt = b_4I_1 + b_2I_2.

We estimate the two terms separately for Re (λe^{iφ}) − b_3 = ω ≥ δ_0 > 0. For simplicity we replace

x − z by x.

(i) 0 < δ_1 ≤ |x| ≤ R.

I_1 ≤ e^{−ω}

(_{|x|b} 1 )_m ∫_∞ 0 e^{−ωt} | | | ( |x| b_1

)_m + t | | | −(n+|β|)/m dt ≤ e^{−ω}

(_{|x|b} 1 )_m

M(δ_0, δ_1, R).

(ii) |x| ≤ δ_1.

I_1 ≤

∫_∞ 1 e^{−ωt} t^{(n+|β|)/m} dt +

∫_1 (_{|x|b} 1 )_m 1 t^{(n+|β|)/m} dt

≤ { c_1 + c_2|x|^{m−n−|β|} m − n − |β| ≠ 0 c_1 + c_2| log |x| | m − n − |β| = 0.

We remark that, for |β| = m − 1, m − n − |β| = 1 − n = 0 only if n = 1, in which case | | |^{∂γ}_{∂y}γ^{∂β}_{∂x}β G(x − z, x, λ) | | | ≤ C(λ) for |x − z| ≤ δ. This is a simple fact about Fourier transforms in one variable and we do not prove it.

(iii) 0 < δ_1 = |x| ≤ R.

I_2 ≤ ω^{n+|β|m −1}

{ ∫_{(ω|x|}m_)^1_m 0 e^{−ρ3}

(_{ω|x|mt} ) 1_{m−1}

t^{(n+β)/m} dt +

∫_∞

(ω|x|^m)^1m

e^{ρ3t} t^{(n+|β|)/m} dt } = ω^{n+|β|m −1}{J_1 + J_2}.

J_2 = e^{−ω 1m |x|}

∫_∞ 0 e^{−ρ3t} (ω|x|^m + t)^{(n+|β|)/m} dt ≤ c_3e^{−ω 1m |x|}.

J_1 = (ω|x|^m)^{1− n+|β|m}

∫_∞

(ω|x|^m)^{m−1}m

e^{−ρ3t} 1 m−1 t^{n+|β|m −2} dt

≤ c_4(ω|x|^m)^{1− n+|β|m}

∫_∞

ω^1m |x|

e^{−ρ3t}t^{(m−1)}

(_{n+|β|}

m −2

)_{+m−2} dt ≤ c_5e^{−ρ3ω 1m |x|}{(ω|x|^m)^{q1} + (ω|x|^m)^{q2} }.

with certain exponents q_1 and q_2.

(iv) |x| ≤ δ_1.

I_2 =

∫ (^{|x|}_{b1} )^m 0 e^{−ρ3}(^{|x|/t1/m}) m−1 m t^{(n+|β|)/m} dt

= |x|^{m−n−|β|}

∫_{b5} 0 e^{−ρ3/t 1m−1} t^{(n+|β|)/m} dt ≤ c_6|x|^{m−n−|β|}.

The estimates are precise enough for our purposes. All we need to know is that G(x − y, x, λ) goes to zero uniformly as ω increases provided |x − y| remains between two fixed positive constants and that the derivatives of order m − 1 go to infinity like |x − y|^{1−n} as |x − y| goes to zero.

3. The differential operator, ∑ |α|=m aα

∂^α ∂x^α , with constant coefficients, is elliptic if Q(ξ) = ∑ |α|=m aαξ

α ≠ 0 for any real n-vector ξ. F. John, in [10], has constructed fundamental solutions for such differential operators. These are, for n, the number of variables, odd and even respectively,

(2.1) K(x − y) = 1 4(2πi)^{n−1}(m − 1)!

Δ^{n−12}x ∫ Ω_ξ

((x − y) · ξ)^{m−1}sgn ( (x − y) · ξ ) Q(ξ) dω_ξ

(2.2) K(x − y) = −1 (2πi)^nm!

Δ^{n/2}_x ∫ Ω_ξ

((x − y) · ξ)^m log |(x − y) · ξ| Q(ξ) dω_ξ where Ω_ξ is the unit sphere and Δ is the Laplacian. Actually John was concerned only with the

case that the coefficients are real; however, a repetition of his argument shows that (2.1) and (2.2) are

fundamental solutions when the coefficients are complex. In order to use these fundamental solutions

we must perform the indicated differentiations. Let L_{ij} = x_i^∂_{∂xj} − x_j^∂_{∂xi} ; then

(2.3) Δ = 1 2r^2 n∑ i,j=1

L^2_{ij} + n − 1 r ∂ ∂r + ∂^2 ∂r^2

(2.4) ∂ ∂x_k = 1 2r^2 n∑ i,j=1

(δ_{kj}x_i − δ_{ki}x_j )L_{ij} + x_i r ∂ ∂r .

With a suitable skew-symmetric matrix, A_{ij} ,

L_{ij} ∫ Ω_ξ

g(x · ξ)f(ξ)dξ = lim_{t→0} 1 t [ ∫ Ω_ξ

g(e^{tAij} x · ξ)f(ξ)dω_ξ − ∫ Ω_ξ

g(x · ξ)f(ξ)dω_ξ ]

= lim_{t→0} 1 t [ ∫ Ω_ξ

g(x · ξ){f(e^{tAij} ξ) − f(ξ)}dω_ξ ]

= ∫ Ω_ξ

g(x · ξ)L_{ij} f(ξ)dω_ξ.

Of course, in the last integrand, x has been replaced by ξ in the operator L_{ij} . Setting x̃ =^x_{|x|} , we have

for n odd

(2.5) K(x) = 1 4(2πi)^{n−1}(m − 1)!

r^{m−n} ∫ Ω_ξ

(x̃ · ξ)^{m−1}sgn (x̃ · ξ)

P (ξ) {Q(ξ)}^n dω_ξ.

P (ξ) is a polynomial in ξ. A similar formula is valid for n-even. We may also show that, for n odd,

∂^α ∂x^α

K(x) = 1 4(2πi)^{n−1}(m − 1)!

r^{m−n−|α|} ∫ Ω_ξ

(x̃ · ξ)^{m−1}sgn (x̃ · ξ)

P (x̃, ξ) {Q(ξ)}^{n+|α|} dω_ξ

P (x̃, ξ) is a polynomial in x̃ and ξ. Again, a similar formula is valid for n even. For x ≠ 0, ∑ a_α^{∂α}_{∂xα} K(x) = 0. If φ(y) is an infinitely differentiable function with compact support and φ(x) ≡ 1 in a neighborhood of 0, then (cf. p. 57 of [10])

1 = φ(0) = ∫ E_n

K(−x) ∑ |α|=m

a_α

∂^α ∂x^α φ(x)

= lim_{ε→0} ∫ |x|=ε { ∑ a_α ( ∂^{α̂} ∂x^{α̂} K ) (−x)x_{α|α|} } φ(x) ε dω with α̂ = (α_1, . . . , α_{|α|−1}); or

(2.6) 1 = lim_{ε→0} ∫ |x|=ε ∑ a_α ( ∂^{α̂} ∂x^{α̂} K ) (−x)x_{α|α|} /rdω.

(2.6) is also valid for the fundamental solutions discussed in Paragraph 1.

We can now prove the lemma of this paragraph. We consider a differential operator B = ∑ |α|≤m aα(x)

∂^α ∂x^α which is defined and uniformly elliptic in a domain V of Euclidean n-space; that

is, for any real n-vector ξ and any x ∈ V, | ∑ |α|=m aα(x)ξ

k| ≥ ρ|ξ|^m with some fixed constant ρ. We suppose that a_α(x) is |α|-times continuously differentiable in V and that its derivatives up to the |α|^{th} order are bounded in V . C^∞_c (V ) is the set of infinitely differentiable functions with compact support in V . Then we have:

Lemma 5. Suppose u(x) and f(x) are two continuous functions in V such that

(2.7) ∫ V Bφ(x)u(x)dx = ∫ V φ(x)f(x)dx

for all functions φ in C^∞_c (V ). Then u(x) is m − 1 times continuously differentiable in V and the modulus of continuity of any (m − 1)st order derivative is 0(δ log 1/δ) uniformly in any compact subset, U, of V .

Proof. By the usual arguments it can be shown that (2.7) holds for φ(x) m-times continuously differentiable with compact support in V . Let K(x − z, y) be the fundamental solution of the operator ∑ |α|=m aα(y)

∂^α ∂x^α ; let ψ(y) be infinitely differentiable with compact support in V and be identically

1 in a neighborhood, W , of U. Let j_k(y) be infinitely differentiable; j_k(y) ≥ 0; ∫ E_n jk(y)dy = 1; and

j_k(y) = 0 if |y| >^1_k . Then, for large k, (2.7) is valid with

φ(y) = ∫ E_n

j_k(y − z)ψ(z)K(x − z, y)dz.

We calculate ∑ |α|≤m

a_α(y)

∂^α ∂y^α ∫ E_n

j_k(y − z)ψ(z)K(x − z, y)dz

= ∫ E_n ∑ |α|≤m

a_α(y) ∑ α_1+α_2=α

(−1)^{|α1|}

∂^α1 ∂z^{α1} j_k(y − z)

∂^{α2} ∂y^{α2}

K(x − z, y)ψ(z)dz

= ∫ E_n

(−1)^m ∑ |α|=m

a_α(y)

∂^α ∂z^α j_k(y − z)ψ(z)K(x − z, y)dz

+ ∑ |α|≤m ∑ α_1 + α_2 = α |α_1| < m

∫ E_n

a_α(y)j_k(y − z)

∂^{α1} ∂z^{α1}

{ψ(z)

∂^{α2} ∂y^{α2}

K(x − z, y)}dz.

With our unorthodox notation the symbol α_1 + α_2 = α is a little difficult to explain. It means that α_1

and α_2 are subsequences of the sequence α whose union exhausts α. Integrate the first term by parts

to obtain − lim_{ε→0} ∫ |x−z|=ε ∑ |α|=m

a_α(y)j_k(y − z)

∂^{α̂} ∂z^{α̂}

K(x − z, y)

(x − z)_{α|α|} |x − z| dω

+ ∫ V −W

j_k(y − z) ∑ |α|=m

a_α(y)

∂^α ∂z^α

{K(x − z, y)ψ(z)}dz

= j_k(y − x) + ∫ V −W

j_k(y − z) ∑ |α|=m

∂^α ∂z^α

{ψ(z)K(x − z, y)}dz.

Substituting these formulae into (2.7) and letting k → ∞ we obtain, for x ∈ W ,

u(x) = ∫ V ψ(y)K(x − y, y)f(y)dy − ∫ V −W ∑ |α|=m

a_α(y)

∂^α ∂z^α

{ψ(z)K(x − z, y)}u(y)dy | |_{z=y} (2.8)

− ∑ |α|=m ∑ α_1 + α_2 = α |α_1| < m

∫ V a_α(y)

∂^{α1} ∂z^{α1} { ψ(z)

∂^{α2} ∂y^{α2}

K(x − z, y) } u(y)dy. | |_{z=y}

We use this representation of u(x) to prove the lemma. We first show that if ω(δ) is the modulus

of continuity, in a compact subset of W , of a typical term of the right hand side, as a function of x, then ω(δ) = 0(δ log 1/δ). This is obvious for the second term since it is an infinitely differentiable function of x. The only terms which give trouble are those which contain derivatives of K, with respect to z, of

order m − 1. Consider then

L(x) = ∫ V u(y)a_α(y)

∂^{α1} ∂y^{α1} ψ(y)

∂^{α2} ∂z^{α2}

∂^{α3} ∂y^{α3}

K(x − y, y)dy

with |α_2| = m − 1. We estimate L(x + w) − L(x), which is ∫ E_n

u(y + x)a_α(y + x)

∂^{α1} ∂y^{α1} ψ(y + x) { ∂^{α2} ∂z^{α2}

∂^{α3} ∂y^{α3}

K(w − y, y + x) −

∂^{α2} ∂z^{α2}

∂^{α3} ∂y^{α3}

K(−y, y + x) } dy.

We remark that^{∂α2}_{∂zα2}^{∂α3}_{∂yα3} K(w −y, y +x) is^{∂α2}_{∂z}α_{21}^{∂α3}_{∂y}α_{31} K(x_1 −z_1, y_1) evaluated at x_1 −z_1 = w −y

and y_1 = y + x. This notation is perhaps a little confusing; but it is desirable to keep the number of

letters and subscripts introduced to a minimum. Also K(w − y, y + x) is defined only for y + x ∈ V ;

but since we are multiplying by a derivative of ψ(y + x) there is no difficulty in taking the integral over E_n. Now

∂^{α2} ∂z^{α2}

∂^{α3} ∂y^{α3}

K(w − y, y + x) = |y − w|^{1−n} ∫ g(~ w − y · ξ)P (~w − y, ξ, y + x)dw_ξ

= |y − w|^{1−n} G(w − y, y + x).

G(w − y, y + x) is once continuously differentiable, with respect to w, when w ≠ y and | | | ∂ ∂w_i

G(w − y, y + x) | | | ≤ K |w − y|

for y + x in V .

Write L(x + w) − L(x) as ∫ E_n

u(y + x)a_α(y + x)

∂^{α1} ∂y^{α1} ψ(y + x) { G(w − y, y + x) − G(−y, y + x) |y|^{n−1} } dy + ∫ E_n

u(y + x)a_α(y + x)

∂^{α1} ∂y^{α1} ψ(y + x)G(w − y, y + x) { 1 |y − w|^{n−1} − 1 |y|^{n−1} } dy = I_1 + I_2.

If |w| is small enough

|I_1| ≤ ∫ |y|≤|w| log 1/|w| + ∫ |y|≥|w| log 1/|w|

≤ 0(|w| log 1/|w|) + K_1 ∫ R≥|y|≥|w| log 1/|w|

|G(w − y, y + x) − G(−y, y + x)| |y|^{n−1} dy.

The integrand in the second term is dominated by

K|w| |y|^{n−1}|y − θw| ≤ K |y|^n |w| |ỹ −^{θw}_{|y|} ≤ K_0|w| |y|^n ,

0 ≤ θ ≤ 1. Integrating

I_1 = O ( |w| log 1 |w| ) + O ( |w| log ( 1 |w| log 1 |w| ))

= O ( |w| log 1 |w| )

|I_2| ≤ K_2 ∫ |y|≤R | | | | 1 |y − w|^{n−1} − 1 |y|^{n−1} | | | | dy = O ( |w| log 1 |w| ) .

If m = 1, there is nothing more to prove. We suppose m > 1. Now we observe that the equations d^β dy^β [ ∂^γ ∂y^γ

K(w − y, y) ] = ∑ β_1+β_2=β

∂^{β1} ∂z^{β1}

∂^{β2+γ} ∂y^{β2+γ}

K(x − y, y)

allow us to replace, in (2.8), partial derivatives of K(x − y, y) by sums of total derivatives of terms

∂^γ ∂y^γ K(x − y, y). To avoid confusion, we explain this in detail.

Until now we have when differentiating the function K = K(x − z, y) regarded it as a function of the three variables x, y, and z and only after taking derivatives have we substituted y for z. However, in the following it will be necessary to integrate by parts. To do this it is necessary to replace the function ∂^β ∂z^β

∂^γ ∂y^γ

K(x − z, y) | | | z=y by partial derivatives of some function of y. The above formula is the means to do this. The right hand side is obtained by taking^{∂γ}_{∂yγ} of K(x − z, y); setting z = y; and then taking^{∂β}_{∂yβ} of the resulting function of x and y. We have indicated this by writing the sign for a total derivative.

We wish to invoke the lemmas of E. Hopf [8]. First we must observe that if we replace u(y) by 1 in the terms of (2.8) containing partial derivatives of K(x − z, y) with respect to z of order m − 1 we may replace partial derivatives by total derivatives and integrate by parts, for the a_α(y) involved in these expressions will be once continuously differentiable. This lowers the order of the singularity of the integrand so that we may now differentiate with respect to x to obtain a continuous function. The lemmas just mentioned now imply that u(x) is once continuously differentiable in a neighborhood of U. Now that we know u(x) is once continuously differentiable in a neighborhood of U we return to the expression (2.8). We replace ψ(y), which has served its purpose, by another infinitely differentiable function which has its support in a neighborhood of U in which we know u(x) to be once continuously differentiable. We write all partial derivatives as sums of total derivatives; integrate those terms involving total derivatives of order m − 1 by parts; and then take the derivative, with respect to x, of the integrand in every integral on the right hand side of (2.8). This gives us an expression similar to (2.8) for u^′(x). The lemma is now established by induction. It is only necessary to observe that the derivatives of the coefficients and of K(x − z, y), with respect to y, which are taken in the proof all exist. For the purposes of this thesis it may be assumed that the coefficients are infinitely differentiable; then this difficulty does not arise.

4. We return now to the study of representations of Lie groups. We use the same notation as

before. Set W_k = { x ∈ X|x ∈ ∩_{a1,...,ak∈A}D(A(a_1) . . . A(a_k) ) } and set W^∗_k = { x^∗ ∈ X^∗|x^∗ ∈

∩_{a1,...,ak∈A}D(A^∗(a_1) . . . A^∗(a_k) ) }. In analogy to the terminology in the theory of partial differential equations, we call the form ∑ |α|≤m aαXα elliptic if when we substitute a real non-zero n-vector ξ for X, ∑ |α|=m aαξα ≠ 0.

With an elliptic form, ∑ |α|≤m aαXα, we associate the operator B0 with domain Wm, defined by

B_0x = ∑ |α|≤m aαAαx. We shall need to consider also the operator B ∗ 0 , with domain W^∗_m, defined

by B^∗_0 x^∗ = ∑ |α|≤m aαA ∗ α∗x^∗. Since the domain of B_0 is dense and that of B^∗_0 is dense in the weak-*

topology and since they are adjoint, the closure B and the weak-* closure, B^∗, of B_0 and B^∗_0 , respectively,

are well defined. The following theorem shows this notation to be justified.

Theorem 7. B^∗ is the adjoint of B.

Proof. Suppose that for all x ∈ W_m ( ∑ |α|≤m

a_αA_αx, x^∗_1 ) = (x, x^∗_2).

We shall show that x^∗_1 ∈ W^∗_{m−1}. Let μ be a left-invariant Haar measure on G and set R_i = R(e_i). If

K(p) is infinitely differentiable with compact support in G, ∑ a_αA_α { ∫ G K(p)T (p)xμ(dp) } = ∫ G { ∑ a_αR_αK(p) } T (p)xμ(dp).

Consequently ∫ G ∑ a_αR_αK(p) ( T (p)x, x^∗_1 ) μ(dp) = ∫ G K(p) ( T (p)x, x^∗_2 ) μ(dp).

Let {t_i} be an analytic coordinate system of the second kind [14] corresponding to the basis {e_i}, in a

neighborhood, V , of the identity; then, assuming that K has support in V , ∫ V { ∑ |α|≤m

b_α(t)

∂^α ∂t^α K ( p(t) ) } {( T (p(t))x, x^∗_1 )} F (t) dt = ∫ V K ( p(t)){(T (p(t))x, x^∗_2 ) }F (t) dt.

Here F (t) and b_α(t) are analytic functions; F (t) is nowhere zero; and ∑ |α|≤m bα(t)

∂^α ∂t^α is elliptic in

a neighborhood U ⊆ V of the origin since b_α(0) = a_α. It is then a consequence of Lemma 5 that ( T (p)x, x^∗_1 ) is m − 1 times continuously differentiable. This implies that x^∗_1 ∈ W^∗_{m−1}. If x ∈ W_m,

(x, x^∗_2) = ∑ a_α(A_αx, x^∗_1) = ∑ a_α(A_{α|α|} x, A^∗_{α̂}∗ x^∗_1). Since E ⊆ W_m, Theorem 1^′ implies that

(2.9) (x, x^∗_2) = ∑ a_α(A_{α|α|} x, A^∗_{α̂}∗ x^∗_1) for all x ∈ W_1. Since {t_i} is a canonical coordinate system of the second kind we may infer as in the

proof of Theorem 1 that ∫ R(s(σ)) S(t)x dt is in W1 for all x ∈ X. The notation is the same as in the proof

of that theorem; in particular, S(t) = T ( ρ(t) ) . Also

A_i ∫ R(s)

S(t)x dt = ∫ R(ŝ^i)

S(t̂^i, σ)x − S(t̂^i, 0)x dt̂^i + G(σ)

with lim_{σ→0}^{G(σ)}_{σn} = 0. Then, using (2.9),

lim_{σ→0} { ∑ α a_α 1 σ^n ∫ R(ŝ^{α|α|} ) , ( S(t̂^{α|α|} , σ)x − S(t̂^{α|α|} , 0)x, A^∗_{α̂}∗ x^∗_1)dt̂^{α|α|} +

G_1(σ) σ^n } = lim_{σ→0} 1 σ^n ∫ R(s) ( S(t)x, x^∗_2 ) dt.

Here^{G1(σ)}_{σn} → 0 as σ → 0 for all x ∈ X. Consequently

(2.10) lim_{σ→0} 1 σ^n [ ∑ α a_α ∫ R(ŝ^{α|α|} ) ( S(t̂^{α|α|} , σ ) x − S(t̂^{α|α|} , 0)xA^∗_{α̂}∗ x^∗_1dt̂^{α|α|} ] = (x, x^∗_2).

Now ∫ R(s) S

∗(t)x^∗_1dt (the integral is taken in the weak-∗ topology) is in W^∗_m; and by Lemma 2 and formula (1.2^′) we have, for x ∈ W_m, ∫ R(s)

(A_{α1} . . . A_{α|α|} x, S^∗(t)x^∗_1) dt = ∫ R(s) ( S(t)A_{α1} . . . A_{α|α|} x, x^∗_1) dt = ∫ R(s) ∑ |β|=|α|

c_{αβ} (t)(A_βS(t)x, x^∗_1) dt

= ∫ R(s) ∑ c_{αβ} (t)(A_{β|β|} S(t)x, A^∗_{β̂∗} x^∗_1) dt = ∫ R(s) ∑ β c_{αβ} (t) ∑ j ζ^j_{β|β|} ∂ ∂t_j ( S(t)x, A^∗_{β̂∗} x^∗_1 ) dt.

We may choose the c_{αβ} (t) so that c_{αβ} (0) = 0 unless α = β and c_{αα}(0) = 1. Also ζ^j_i (0) = δ^j_i . Integrate

by parts to obtain ∫ R(ŝ^{α|α|} )

(S(t̂^{α|α|} , σ)x − S(t̂^{α|α|} , 0)x, A^∗_{α̂}∗ x^∗_1)dt̂^{α|α|} + G_2(σ, x).

We observe that G_2(σ, x) is a linear function of x which is uniformly bounded as σ → 0. Since it clearly

converges to 0 for x ∈ W_m it converges to 0 for all x. Consequently, summing over α and using (2.10),

lim_{σ→0}(x, ∑ a_αA^∗_α∗ ∫ R(s)

S^∗(t)x^∗_1 dt) = (x, x^∗_2).

This completes the proof of the theorem.

The form ∑ |α|≤m aαxα is called strongly elliptic if Re { ∑ |α_=m

a_αξ_α } ≥ ρ|ξ|^m, ρ > 0,

for any real n-vector ξ. Let ∑ |α|≤m aαxα be strongly elliptic and let B be the operator associated, by

the previous theorem, to the form − ∑ |α|=m(−i)

|α|a_αx_α. Then we have the following theorem.

Theorem 8. B is the infinitesimal generator of a semi-group, U(t), of class H(ϕ_1, ϕ_2) [7].

Proof. If x ∈ W_m and λ is a complex number ( Bx − λx, T^∗(p)x^∗ ) = ( − ∑ (−i)^{|α|}a_αA_αx − λx, T^∗(p)x^∗) = − ∑ (−i)^{|α|}a_α ( T (p)A_αx, x^∗) − λ ( T (p)x, x^∗) = − ∑ (−i)^{|α|}a_αL_α ( T (p)x, x^∗ ) − λ ( T (p)x, x^∗ ) . Let t = (t_1, . . . , t_n) be a canonical coordinate system of say, the first kind associated with {e_1, . . . , e_n}, in a neighborhood, V , of the identity and let − ∑ |α|≤m

(−i)^{|α|}a_αL_α = − ∑ |α|≤2m

(−i)^{|α|}b_α(t)

∂^α ∂t^α

in this coordinate system. Since we may choose the b_α(t) in such a manner that b_α(0) = a_α, the right hand side is uniformly strongly elliptic in a neighborhood U ⊂ V of 0. Let K(s − t, r, λ) be the fundamental solution of ∑ (−i)^{|α|}b_α(r)^{∂α}_{∂tα} + λ considered in Section 1. We have established estimates for K(s − t, r, λ) for ρ(λ, S) ≥ δ > 0, with S a certain sector in the complex plane. Let φ(t) be an infinitely differentiable function with support in U and with φ(t) = 1 if |t| ≤ δ_1 for some small δ_1. Then, if |s| ≤ δ_1/2, ∫ U φ(t)K(s − t, t, λ) ( Bx − λx, S^∗(t)x^∗ ) dt = − ∫ U φ(t)K(s − t, t, λ) {( ∑ (−i)^{|α|}b_α(t)

∂^α ∂t^α + λ } (x, S^∗(t)x^∗) dt

= − lim_{ε→0} ∫ |s−t|=ε ∑ (−i)^{|α|} b_α(t)

∂^{α̂} ∂s^{α̂}

K(s − t, t, λ)

(s − t)_{α|α|} |s − t|

(x, S^∗(t)x^∗)dω − ∫ |s−t|≥δ_1

φ(t) ∑ (−i)^{|α|}b_α(t)

∂^α ∂s^α

K(s − t, t, λ)(x, S^∗(t)x^∗ ) dt

− ∑ α ∑ α1+α2+α3=α

|α1|<|α| ∫ i^{|α|}

∂^{α3} ∂t^{α3} b_α(t)

∂^{α2} ∂r^{α2}

∂^{α1} ∂t^{α1}

K(s − t, t, λ) ( x, S^∗(t)x^∗ ) dt

= − lim_{ε→0} ∫ |s−t|=ε ∑ (−i)^{|α}b_α(s)

∂^{α̂} ∂s^{α̂}

K(s − t, s, λ)

(s − t)_{α|α|} |s − t| ( x, S^∗(t)x^∗ ) dω − · · · = − ( x, S^∗(x)x^∗ ) − · · ·

Here, as before, S^∗(t) = T^∗ ( p(t) ) . Also we have used our usual convention regarding partial deriva-

tives of the function K(s − t, r, λ). Since |b_α(s) − b_α(t)| ≤ M_0|s − t| and | | | ∂^{α̂} ∂s^{α̂}

K(s − t, s, λ) −

∂^{α̂} ∂s^{α̂}

K(s − t, t, λ) | | | ≤ M_1 |s − t|^{n−2} , we could replace s by t in the appropriate places in the surface integral. We now set s = 0, choose an x^∗ such that ‖x^∗‖ = 1, (x, x^∗) = ‖x‖, and make use of the estimates of Paragraph 2 to obtain

N_1 ρ(λ, S)

‖Bx − λx‖ ≥ ‖x‖ −

N_2‖x‖ ρ(λ, S) − N_3‖x‖ ρ(λ, S)^1m .

Consequently, for ρ(λ, S) ≥ N_4, ‖x‖ ≤

N_5 ρ(λ, S)

‖Bx − λx‖.

This inequality remains valid for x ∈ D(A). For x^∗ ∈ W^∗_m, consider ( T (p)x, B^∗x^∗ − λx^∗ ) = ( T (p)x, − ∑ (−i)^{|α|}a_αA^∗_α∗ x^∗ − λx^∗ ) = − ∑ (i)^{|α|}a_αR_α∗ ( T (p)x, x^∗) − λ ( T (p)x, x^∗ ) . Change into local coordinates and perform the same calculations as above to obtain

(2.11) ∫ U_1

φ_1(t)K_1(s − t, t, λ) ( S(t)x, B^∗x^∗ − λx^∗ ) dt = − ( S(s)x, x^∗ ) − · · ·

By the proof of the previous theorem, if x^∗ ∈ D(B^∗) we can choose a sequence {x^∗_n} ∈ W^∗_m such that (x, x^∗_n) → (x, x^∗) and (x, B^∗x^∗_n) → (x, B^∗x^∗) for all x ∈ X. By the principle of uniform boundedness, ‖x^∗_n‖ and ‖B^∗x^∗_n‖ are uniformly bounded. Consequently, in u_1, ( S(t)x, B^∗x^∗_n) → ( S(t)x, B^∗x^∗ −λx^∗ ) boundedly and ( S(t)x, x^∗_n ) → ( S(t)x, x^∗ ) boundedly. The dominated convergence theorem now

allows us to assert the validity of (2.11) for all x^∗ ∈ D(B^∗). Now, given an x^∗ ∈ D(B^∗), we choose an x ∈ X such that ‖x‖ ≤ 1, (x, x^∗) ≥^{‖x∗‖}_2 , and set s = 0 in (2.11) to obtain the inequality

N^′_1 ρ(λ, S^′)

‖B^∗x^∗ − λx^∗‖ ≥

‖x^∗‖ 2 − N^′_2 ρ(λ, S^′)

‖x^∗‖ −

N^′_3 ρ(λ, S^′)^1m

‖x^∗‖.

Here we make use of the estimates for the function K_1(s − t, r, λ) established in Paragraph 2. Consequently, for ρ(λ, S^′)) ≥ N^′_4, ‖x^∗‖ ≤

N^′_5 ρ(λ, S^′)

‖B^∗x^∗ − λx^∗‖.

Thus the resolvent R(λ, B) exists for ρ(λ, S^′) ≥ N^′_4 and ‖R(λ, B)‖ ≤ N_5 if ρ(λ, S) ≥ N_4. The theorem is now a consequence of Theorem 12.8.1 of [7].

5. In this paragraph the strongly elliptic form ∑ a_αx_α will be fixed. We denote the operator associated with − ∑ |α|≤m(−i)

|α|a_αx_α by B and the semi-group it generates by U(t). Since the space, X, on which the group G acts will vary in the course of the proof, we shall specify the space by writing B(X) and U(t, X) when there is a danger of confusion.

Let μ be left-invariant Haar measure on G and let L_1(μ) be the Banach space of functions on G integrable with respect to μ. Two representations of G in L_1(μ) of particular interest are {L(p)f}(q) = f(p^{−1}q) and {R(p)f}(q) = f(qp). It is easily shown that these representations are strongly continuous. We may call them, respectively, the representation by left translations and by right translations. A linear operator on L_1(μ) is said to commute with right translations if it commutes with all operators R(p). We shall need the following lemma, proved in the general case just as it is for the line [7].

Lemma 6. Let S be a bounded linear operator on L_1(μ) which commutes with right translations. Then there is a finite, countably additive Borel set function, ν, such that

(2.12) Sf(p) = ∫ G f(q^{−1}p)ν)dq)

for almost all p. Moreover var (ν) = ‖S‖.

Proof. Let {g_k(p)} be an approximation to the identity on G and let f be a function in L_1(μ) with compact support. Set h_k(p) = ∫ G f(q^{−1}p)g_k(q)μ(dq) = ∫ G f(q^{−1})g_k(pq)μ(dq).

Then

T h_k(p) = ∫ G f(q^{−1})(T g_k)(pq)μ(dq) = ∫ G f(q^{−1}p)(T g_k)(q)μ(dq)

(2.13) = ∫ G f(q^{−1}p)ν_k(dq) with ν_k(dq) = (T g_k)(q)μ(dq). Since ‖g_k‖_{L1(μ)} = 1, var (ν_k) ≤ ‖T ‖. Let ν be an accumulation point of the sequence {ν_k} in the space of bounded, countably additive set functions with its weak-∗ topology as the conjugate space of C_0, the space of continuous functions on G vanishing at infinity. For any f in L_1(μ), h_k is defined and (2.13) is valid. Moreover h_k → f as k → ∞; and, then, T h_k → T f. But if f is continuous with compact support, ∫ G f(q^{−1}p)ν(dq) is an accumulation point of (T h_k)(p), as given by (2.13). Consequently, for all f ∈ L_1(μ),

(T f)(p) = ∫ G f(q^{−1}p)ν(dq)

for almost all p. Clearly var (ν) ≤ ‖T ‖ and ‖T ‖ ≤ var ν.

We remark that the ν satisfying (2.12) is unique. We may now state the theorem of this paragraph.

Theorem 9. There exist finite, countably additive Borel set functions, μ(t, ·), depending only on the form ∑ a_αX_α, and G such that

(2.14) U(t)x = ∫ G T (p)xμ(t, dp)

at least for ψ_1 ≤ arg t ≤ ψ_2; ψ_1 < 0 < ψ_2.

The integral is, of course, a Bochner integral. As the theorem is stated ψ_1 and ψ_2 may vary with the representation. It is true, however, that ψ_1 and ψ_2 may be taken to depend only on the form and on G. To establish this we have only to observe that the angles of the sector, outside of which the estimates for R(λ, B) were established, depend only on the form and on G. Proof. Consider first the representation L(p) of G in L_1(μ). The semi-group U ( t, L_1(μ) ) generated by the operator B ( L_1(μ) ) associated with the form − ∑ (−i)^{|α|}a_αX_α in this representation commutes with right translations and, consequently, is given by

(2.15) U ( t, L_1(μ) ) f(p) = ∫ f(q^{−1}p)μ(t, dq).

This establishes the theorem in this case. We next establish it for the case of the representation by left translations in C_0. If f is in L_1(μ) and g is in C_0, the function

h(p) = ∫ G f(pg)g(q^{−1})μ(dq)

is in C_0 and ‖h‖_{C0} ≤ ‖f‖_{L1(μ)}‖g‖_{C0} . Let f_t = u ( t, L_1(μ) ) f and set

h_t(p) = ∫ G f_t(pq)g(q^{−1})μ(dq).

We assert that h_t = U(t, C_0)h. To prove this we notice that ‖h_t‖_{C0} ≤ ‖f_t‖_{L1(μ)}‖g‖_{C0} (i) ≤ |U ( t, L_1(μ) ) ‖ ‖f‖_{L1(μ)}‖g‖_{C0} ≤ Ke^{ωt}‖f‖_{L1(μ)}‖g‖_{C0} .

Here ω and K are some constants and t is greater then or equal to zero. ‖h_t − h‖_{C0} ≤ ‖f_t − f‖_{L1(μ)}‖g‖_{C0} → 0 as t → 0.

(ii)

d dt h_t = d dt ∫ G f_t(· q)g(q^{−1})μ(dq)

(iii) = ∫ G d dt f_t(· q)g(q^{−1})μ(dq) = ∫ G B ( L_1(μ) ) f_t(· q)g(q^{−1})μ(dq) = B(C_0)h_t.

The derivatives are taken in the strong topology.

For t ≥ 0 the asserted equality now follows from Theorem 23.7.1 of [7]. By analytic continuation h_t = u(t, C_0)h in the domain common to the two sectors in which they are defined. We may now write

(2.16) u(t, C_0)h(p) = ∫ G { ∫ G f(r^{−1}pq)μ(t, dr) } g(q^{−1})μ(dq) = ∫ G h(r^{−1}p)μ(t, dr).

Since functions, h, of the above form are dense in C_0 the theorem is established for C_0. In order to complete the proof we must introduce two new spaces of functions. These function spaces are closely related to the given representation, T (p), of G in X. Let Y be the space of continuous functions, f, on G satisfying (a) ‖f‖_Y = sup_q

|f(q)| λ(q) < ∞ (b) ‖f(p^{−1}·) − f(·)‖_Y → 0 as p → 1.

For brevity, we have set ‖T (q)‖ + ‖T (q^{−1})‖ = λ(q). Y is a Banach space and the representation by left translations of G in Y is strongly continuous. In particular ‖L(p)f‖_Y = sup_q

|f(p^{−1}q)| λ(q) = sup_q

|f(p^{−1}q)| λ(p^{−1}q) λ(p^{−1}q) λ(q) ≤ λ(p)‖f‖_Y for λ(p) = λ(p^{−1}) and λ(pq) ≤ λ(p)λ(q). It is important to notice that if x is in X and x^∗ is in X^∗ then ( T (p^{−1})x, x^∗ ) and ‖T (p^{−1})x‖ are functions in Y . Moreover, if x is in W_1(x) and a is in A, then

sup_q

|t^{−1}{ ( T (q^{−1}e(ta))x, x^∗ ) − ( T (q^{−1})x, x^∗ ) } − ( T (q^{−1})A(a)x, x^∗ ) | λ(q)

≤ ‖x^∗‖ ‖t^{−1}{T ( e(ta) ) x − x} − ( A(a)x‖ → 0

as t → 0. Consequently ( T (p^{−1})x, x^∗ ) is in W_1(Y ) and A(a, Y )(T (p^{−1})x, x^∗ ) = ( T (p^{−1})A(a)x, x^∗ ) . The same relation holds between W_k(X) and W_k(Y ). The converse statement is weaker. If f_x∗ (p) = ( T (p^{−1})x, x^∗ ) is in W_1(Y ) for every x^∗ in x^∗ and ( L(e(ta)) − I ) A(a, Y )f_x∗ = 0(t^α) as t → 0 for some

α > 0, then x is in W_1(x). First of all A(a, Y )f_x∗ (0) = x_0(x^∗) defines a bounded linear functional x_0

on X^∗. But

t^{−1}{ ( L(e(ta))x − x, x^∗ ) − (x_0, x^∗)} = 1 t ∫_t 0 ( L(e(ta)) − I ) A(a, Y )f_x∗ (0) dt = 0(t^α).

Consequently ‖ ‖ ‖ ‖ L ( e(ta) ) x − x t − x_0 ‖ ‖ ‖ ‖_{X∗∗}

= 0(t^α).

Thus x_0 is in X and x_0 = A(a)x. The same relation holds between W_k(Y ) and W_k(X).

The second space, Z, to be introduced is, in a certain sense, dual to Y . It is the space of measurable

functions, f, on G satisfying (c) ∫ G |f(q)|λ(q)μ(dq) = ‖f‖_Z < ∞.

It is essential to observe that λ(q) is lower semi-continuous and therefore measurable. The representa-

tion by left translations of G in Z is strongly continuous. Z is a subset of L_1(μ) and ‖f‖_Z ≥ ‖f‖_{L1(μ)}.

Moreover, if f ∈ D ( B(Z) ) , then f ∈ D ( B(L_1(μ)) ) and B(Z)f = B ( L_1(μ) ) f. Thus a solution of

normal type of the abstract Cauchy problem for B(Z) is a solution of normal type of the abstract Cauchy

problem for B ( L_1(μ) ) . Again, Theorem 23.7.1 of [7] allows us to assert that U(t, z)f = U ( t, L_1(μ) ) f. We make use of (2.15) to write

(2.17) U(t, Z)f(p) = ∫ G f(q^{−1}p)μ(t, dq).

This is a weaker assertion, in this case, than that of the theorem. We have not yet shown that ∫ G f(q^{−1}.)μ(t, dq) exists as a Bochner integral. Let f be in Z and g be in Y . Consider

h(p) = ∫ G f(pq)g(q^{−1})μ(dq).

Then |h(p)| ≤ ∫ G |f(pq)| |g(q^{−1})|μ(dq)

≤ ‖g‖_Y ∫ G |f(pq)|λ(q)μ(dq)

≤ ‖g‖_Y ∫ G |f(q)|λ(p^{−1}q)μ(dq) ≤ λ(p)‖g‖_Y ‖f‖_Z.

In other words, ‖h‖_Y ≤ ‖g‖_Y ‖f‖_Z . We remark another simple fact, which allows us to assert that functions, h, of the above form are dense in Y . If f has compact support and ∫ G f(p)μ(sp) = 1 then

|h(p) − g(p)| λ(p) = 1 λ(p) | | | | ∫ G f(pq){g(q^{−1}) − g(p)}μ)(dq) | | | | ≤ 1 λ(p) ∫ G |f(q)| |g(q^{−1}p) − g(p)|μ(dq)

≤ sup

q∈ supp f

‖g(q^{−1}·) − g(·)‖_Y ∫ G |f(q)|μ(dq).

Using the same technique as before, we set f_t = U(t, Z)f and then set

h_t(p) = ∫ G f_t(pq)g(q^{−1})μ(dq).

Again the uniqueness theorem for the abstract Cauchy problem assures us that h_t = U(t, Y )h. Making use of (2.17) we may write

(2.18) U(t, Y )h(p) = ∫ G { ∫ G f(r^{−1}pq)μ(t, dr) } g(q^{−1})μ(dq).

Formally changing the order of integration, we obtain

U(t, Y )h(p) = ∫ G h(r^{−1}p)μ(t, dr).

However, we have not yet provided that the integral in (2.18) is absolutely convergent and we are, consequently, unable to justify the change in the order of integration.

C_0 is a subset of Y and ‖g‖_Y = ‖g‖_{C0} . Consequently, U(t, C_0)g is a solution of normal type of the abstract Cauchy problem for B(Y ). The uniqueness theorem again implies that U(t, C_0)g = U(t, Y )g. Making use of (2.16), we write

U(t, Y )g(p) = ∫ G g(q^{−1}p)μ(t, dg).

Then | | | | ∫ G g(q^{−1}p)μ(t, dq)

λ(p) | | | ≤ ‖U(t, Y )‖ ‖g‖^Y .

By the usual argument it follows that ∫ G |g(q^{−1}p)| |μ|(t, dq)

λ(p)

≤ ‖U(t, Y )‖ ‖g‖_Y .

But if f(q) is in Y we can find a sequence {g_n(q)} in C_0 such that g_n → |f|. Consequently ∫ G |f(q^{−1}p)| |μ|(t, dq) ≤ λ(p)|U(t, Y )‖ ‖f‖_Y .

In particular, setting f(q) = ‖T (q^{−1})x‖ and setting p = 1, we obtain ∫ G ‖T (q)x‖ |μ|(t, dq) ≥ 2‖U(t, Y )‖ ‖x‖.

We are now able to justify the inversion of the order of integration in (2.18). We apply the last inequality

to the space Z and to the representation L(p) of G in Z. ∫ G ∫ G |f(r^{−1}pq)| |g(q^{−1})| |μ|(t, dr)μ(dq) ≤ ∫ G ∫ G |f(r^{−1}q)|λ(p)λ(q)|μ|(t, dr)μ(dq)

= λ(p) ∫ G ‖L(r)f‖_Z|μ|(t, dr)

< ∞.

We now show that if x(t) = ∫ G T (p)xμ(t, dp) then x(t) = U(t, X)x. We first observe that ( T (q^{−1})x(t), x^∗ ) = ∫ G ( T (q^{−1})T (p)x, x^∗)μ(t, dp) = ∫ G ( T (q^{−1}p)x, x^∗)μ(t, dp)

= U(t, Y ) ( T (q^{−1})x, x^∗ ) . We know that ‖x(t)‖ ≤ 2‖U(t, Y )‖ ‖x‖ ≤ K_1e^{ω1t}‖x‖, with some constants c_1 and ω_1 when t ≥ 0.

If x ∈ W_m(x) then ( T (q^{−1}x, x^∗ ) is in W_m(Y ) and, taking q = 1 in the above equality, it follows

that t^{−1}{ ( x(t), x^∗ ) − (x, x^∗)} converges to (Bx, x^∗) as t → 0. In particular, applying the principle

of uniform boundedness, ‖x(t) − x‖ → 0 as t → 0. Since U(t, Y ) is a holomorphic semi-group, ( x(t), x^∗ ) is a holomorphic function and x(t) is a holomorphic function. Moreover ( T (q^{−1})x(t), x^∗ ) is in D ( B^k(Y ) ) for any k; the work of the next paragraph shows that ( T (q^{−1})x(t), x^∗ ) is in W_k(Y ) for

any k. Consequently x(t) is in W_k(x) for any k. We observe finally that^d_{dt} ( x(t), x^∗ ) = ( Bx(t), x^∗ ) and, thus,^d_{dt} x(t) = Bx(t). Another application of the uniqueness theorem for the abstract Cauchy

problem shows that x(t) = U(t, X)x when x is in W_m(X). Since W_m(X) is dense in x, the equation

is valid for all x in X.

6. In this paragraph we establish the basic analytical properties of U(t)x and of μ(t, dp). U(t)x is an analytic function of t and

B^kU(t)x = d^k dt^k

U(t)x = k! 2πi ∫ |ρ−t|=r(t)

U(ζ)x (ζ − t)^{k+1} dζ.

We observe that B^k, as a power of B, is the operator associated, by Theorem 7, with the elliptic

form (−1)^k ( ∑ (−i)^{|α|}a_αx_α)^k for it is equal to that operator on W_{mk} and its adjoint is equal to that operator’s adjoint on W^∗_{mk}. Let ν be a right-invariant Haar measure on G and let K(p) be an infinitely

differentiable function on G with compact support. If x is in W_{mk}, then ∫ G K(p) ( B^kx, T^∗(p)x^∗ ) ν(dp) = ∫ G K(p) ∑ |α|≤mk

b_α(A_αx, T^∗(p)x^∗ ) ν(dp)

= ∫ G { − ∑ (−1)^{|α|}b_αL_αK(p) } (x, T^∗(p)x^∗ ) ν(dp).

{L_i} is the set of left-invariant differential operators introduced in Chapter I. This formula remains valid for x in D(B^k). As above, by Lemma 5, if x in D(B^k) then x is in W_{mk−1}. In particular, U(t)x

is in ∩_kW_k and T (p)U(t)x is an infinitely differentiable function of p. A_αU(t)x is defined for all x

in X; we show that it is a bounded linear function of x. If |α| = 1, A_αU(t) is a closed, everywhere

defined linear operator on X; consequently, it is bounded. By induction, it is apparent that A_αU(t) is a

bounded linear operator. Consequently ‖A_αS(t)x‖ ≤ N_α(t)‖x‖. T (p)U(t)x is infinitely differentiable

as a function of p and t and ‖ ‖ ‖ ‖ d^k dt^k

A_αU(t)x ‖ ‖ ‖ ‖ = ‖ ‖ ‖ ‖ K! 2πi ∫ |ζ−t|=r(t)

A_αU(ζ)x (ζ − t)^{k+1} dζ ‖ ‖ ‖ ‖ ≤ N(k, α, t)‖x‖.

The equation ∂ ∂t ( T (p)U(t)x, x^∗ ) = ( T (p)BU(t)x, x^∗ ) = − ∑ (−i)^{|α|}a_αL_α ( T (p)U(t)x, x^∗ ) when written in an analytic coordinate system, {s_i}, about the identity is a parabolic equation with

analytic coefficients. We now apply the results of [3]. The facts which we need from this paper are not

explicitly stated as theorems and the proofs are not given in complete detail. However, since the proofs are quite complicated and the assertions to be derived from these facts ancillary to the rest of the thesis, we prefer not to perform the calculations in detail here.

The work in the paper shows that ( T (p(s))U(t)x, x^∗ ) = u(s, t) may be extended to an analytic function in a complex neighborhood, N(t) of the origin in s-space. N(t) may be taken locally in t, to be independent of t; and the upper bound of |u(s, t)| in N(t) depends only on upper bounds for the absolute value of u(s, t) and a certain number of its derivatives for real s. Thus u(s, t) may be extended to an analytic function of s and t in a certain open set, M, of complex (s, t)-space, which contains all the points (s, t) with t in the sector in which U(t) was shown to exist and s real and close to the origin. In a neighborhood of any point (s_0, t_0), |u(s, t)| is bounded by an expression K(s_0, t_0)‖x‖ ‖x^∗‖. For fixed x and varying x^∗, u(s, t) defines a bounded linear functional v(s, t, x) on X^∗. v(s, t, x) is an analytic map of M into X^{∗∗}. But v(s, t, x) is in X for s real and close to the origin; so v(s, t, x) is in X for all (s, t) in M. In particular, U(t)x is a well-behaved vector, in the sense of [5], in the interior of the sector in which U(t) was shown to exist. Since U(t)x → x as t → 0, we have

Theorem 10. The well-behaved vectors are dense for any strongly continuous representation of G.

We now show that there is a function, h(t, p), analytic to t and p such that μ(t, dp) = h(t, p)μ(dp). μ is a left-invariant Haar measure on G. If f(x), in L_1(μ), is infinitely differentiable with compact support and {s_i} is an analytic coordinate system in a neighborhood of the identity, then there are analytic functions, a_{ij} (s), independent of f such that, for small s, ∂ ∂s_i f(s) = n∑ j=1 a_{ij} (s)L_j f(s).

Consequently, for small δ, ∫ |s|≤δ | | | ∂ ∂s_i f(s) | | |ds ≤ n∑ j=1 k ∫ |s|≤δ

|L_j f(s)|ds

≤ K_1 n∑ j=1 ‖L_j f‖_{L1(μ).}

Theorem 1^′ implies that if f is in W_1 ( L_1(μ) ) then it may be approximated by a sequence {f_n} of infinitely differentiable functions with compact support in such a manner that L_j f_n → L_j f in L_1(μ). Thus, if f is in W_1 ( L_1(μ) ) , its distribution derivatives, with respect to {s_i}, in a neighborhood, N, of the origin are in L_1(μ, N) and ∫ |s|≤δ | | | | ∂ ∂s_i f_t(s) | | | |ds ≤ K^1 n∑ j=1 ‖L_j f‖_{L1} (μ).

Similar remarks apply to the higher-order derivatives. Since, when f is in L_1(μ), f_t = U(t, L_1(μ) ) f is in W_k ( L_1(μ) ) for any k, we have ∫ |s|≤δ | | | ∂^α ∂s^α f_t(s) | | |ds ≤ C^α(t)‖f‖.

It is well-known [1] that this implies that f_t may be taken as an infinitely differentiable function in a neighborhood O, of the origin and that (i) |f_t(s)| ≤ D_1(t)‖f‖ (ii) | | | | ∂ ∂s_if_t (s) | | | | ≤ D^2(t)‖f‖

in O. Consequently, for every p = p(s), s in O, there is a bounded measurable function g(t, p, q) such that f_t(p) = ∫ G f(q)g(t, p, q)μ(dq).

Moreover ‖g(t, p, ·) − g(t, 1, ·)‖_{L∞} (μ) → 0 as p → 1. If f is continuous with compact support

f_t(p) = ∫ G f(q^{−1}p)μ(t, dq) = ∫ G f(q)μ(t, pdq^{−1}).

Consequently μ(t, pdq^{−1}) = g(t, p, q)μ(dq). In particular (cf. [4], p. 265)

μ(t, dq) = g(t, 1, q^{−1})Δ(q^{−1})μ(dq) = h(t, q)μ(dq)μ(dq · r) = Δ(r)μ(dq).

Then μ(t, pdq) = h(t, pq)μ(dq) = g(t, p, q^{−1})Δ(q^{−1})μ(dq),

so that h(t, pq) = g(t, p, q)^{−1}Δ(q^{−1}). h(t, p) satisfies the following two conditions. (i) ‖h(t, ·)‖_V = ess−sup_q|Δ(q)h(t, q)| = ess−sup_q|g(t, 1, q^{−1})| < ∞.

(ii) ess−sup_q |Δ(q){h(t, p^{−1}q) − h(t, q)}| = ess−sup_q |g(t, p^{−1}, q^{−1}) − g(t, 1, q^{−1})| → 0 as p → 1.

As anticipated in the notation, we call the Banach space of functions satisfying (i) and (ii), with the norm given by (i), V . The functions in V are equivalent to continuous functions so we take V to be a space of continuous functions. The representation, L(p), by left-translations of G in V is strongly continuous. In order to use this fact we must observe that ∫ G h(t_1, q^{−1}p)h(t_2, q)μ(dq) = h(t_1 + t_2, p).

To prove this we notice that for f in C_0 ∫ G f(q^{−1}r)h(t_1 + t_2, q)μ(dq) = u(t_1 + t_2, C_0)f(r) = u(t_1, C_0)u(t_2, C_0)f(r) = ∫ G {f(p^{−1}q^{−1}r)h(t_1, p)μ(dp)}h(t_2, q)μ(dq) = ∫ G { ∫ G f(p^{−1}r)h(t_1, q^{−1}p)μ(dp)}h(t_2, q)μ(dq) = ∫ G f(p^{−1}r) { ∫ G h(t_1, q^{−1}p)h(t_2, q)μ(dq) } μ(dp).

However, setting u(t_2, V )h(t_1, ·) = h_{t2} (t_1, ·), we also have h_{t2} (t_1, p) = ∫ G h(t_1, q^{−1}p)h(t_2, q)μ(dq).

Consequently h(t_1 + t_2, p) = h_{t2} (t_1, p). Then h(t_1 + t_2, q^{−1}·) = L(q)h_{t2} (t_1, ·) is an analytic function of t_2 and q with values in Z. Applying the linear functional which evaluates a function at the identity we see that h(t, p) is an analytic function of t and p. Bibliography

[1] Browder, F. E., On the regularity properties of solutions of elliptic differential equations, Comm.

Pure Appl. Math., vol. 9, 1956.

[2] Chevalley, C., Theory of Lie Groups, Princeton University Press, Princeton, 1946. [3] Eidelman, S. D., On the fundamental solutions of parabolic systems. Mat. Sb., 38 (80), 1956. [4] Halmos, P. P., Measure theory, D. van Nostrand Co., New York, 1950.

[5] Harish-Chandra, Representations of a semi-simple Lie group on a Banach space. I, Trans. of the AMS, vol. 75, 1953.

[6] Hille, E., Lie theory of semi-groups of linear transformations, Bull. of the AMS, vol. 56, 1950. [7] Hille, E and R.S. Phillips, Functional Analysis and Semi-Groups, AMS Coll. Publ. 31, 1957. [8] Hopf, E., Über den funktionalen, insbesondere den analytischen Charakter der Lösungen elliptischer Differentialgleichungen zweiter Ordnung, Math. Zeit., 34, 1931.

[9] Ito, K., Brownian motion in a Lie group, Proc. Jap. Acad., 26, 1950.

[10] John, F., Plane Waves and Spherical Means Applied to Partial Differential Equations, Interscience Publishers, New York, 1955.

[11] deLeeuw, K., On the adjoint semi-group and some problems in the theory of approximation, to appear.

[12] Lions, J. L., Lectures on Elliptic Partial Differential Equations, Tata Institute of Fundamental Research, Bombay, 1957.

[13] Nelson, E. and W.F. Stinespring, Representation of elliptic operators in an enveloping algebra, Amer. Jour, Math., vol. 81, 1959.

[14] Pontrjagin, L., Topological Groups, Princeton University Press, Princeton, 1939. [15] Rosenbloom, P.C., Linear Partial Differential Equations, Surveys in Appl. Math., V, John Wiley and Sons, New York, 1958.

[16] Segal, I.E., A class of operator algebras which are determined by groups, Duke Math. Jour., vol.

18, 1951.

[17] Segal, I.E., Hypermaximality of certain operators on Lie groups, Proc. of the AMS, vol. 3, 1952. [18] Šilov, G. E., On conditions for the correctness of the Cauchy problem for systems of partial differential equations with constant coefficients, Usp. Mat. Nauk, vol. 10, 1955.

[19] Yosida, K., Stochastic processes built from flows, Proc. Jap. Acad., 26, 1950.